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Schur Positivity

When computing with symmetric functions, one often wants to check a given symmetric function is Schur positive or not. In our current setup, this means
that coefficients polynomials in N[g, #]. The following function returns True if the given symmetric function is Schur positive and False if not.

F = s([4,1])+s([3,2])
print(F.is_schur_ positive())

Schur positivity is a rare phenomena in general, but symmetric functions that come from representation theory are Schur positive. One can show that the
probability that a degree n monomial positive is Schur positive is equal to

H ki’ where k, = 2 K,,,

ukn vkn

with K., the Kostka numbers. Recall that these occur in the expansion of the Schur functions in terms of the monomial functions:

Su = Z Ky, my,.
14

define in sage

def K(mu,nu):
return s(mu).scalar(h(nu))

def k(mu):
n=add(j for j in mu)
return add(K(mu,nu) for nu in Partitions(n))

def prob Schur positive(n): return 1/mul(k(mu) for mu in Partitions(n))

Rareness of Schur-positivity is then demonstrated by the values:

show([prob_Schur positive(n) for n in range(1,10)])

1 1 1 1 1 1 1
’ 2797560 480480 1027458432000 * 2465474364698304960000 ° 503787793905643077656115370270654464000 °
1
10676427975710573489340578264279464205105289199689400320000000000

1
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> {y(x) = =1+(1-9%x)x(diff(y(x), x))+(1/6)*x*x(4-27%x)*(diff(y(x), x, x)),y(0)=0};

{y(0)=0,y(x)=—l F(1=9x)y'( )+W}

> Series_solve(%);
X+3X 4+ 12X +55x7 +273x + 1428 x° + 7752 x7 + 43263 x° + 246675 x> + 1430715 x'° + 8414640 x|

12 13 14 15
+ 50067108 x = + 300830572 x ~ + 1822766520 x " + O(x ) A G \)ES&
> Series_to_algeq(%, f);
x+3x—1)f+ 3xf2 —i—xf3

> f=factor(%+f);
f=x (f+1)°

CAN T3€ VERIFI\ED
ALGo AT ICALLY
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In [17]: E5=Evall(CalE mn(5),q)
E5

Out[17]: q10s11111 + (q9 + q8 + q7 + q6) §2111 + (q8 + q7 + q6 + q5 + q4) §221

+(+¢+20 +¢" + ) ssu+ (P +7 +4" + ¢ +7*) sn
+(¢" +0 + " +q)sa+55

In [14]: E5.map coefficients(to qgn)

Out[1l4]:
gV sii111 +(qs) - 50111+ (gs) - 4" 51 1+ (qs) - g3+ (q4) - gsan
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In [17]: E5=Evall(CalE mn(5),q)
E5

Out[17]: q10s11111 + (q9 + q8 + q7 + q6) §2111 + (q8 + q7 + q6 + q5 + q4) §221

+(+¢+20 +¢" + ) ssu+ (P +7 +4" + ¢ +7*) sn
+(¢" +0 + " +q)sa+55
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We outline an approach for the computation of a good can-
didate for the generating function of a power series for which
only the first few coefficients are known. More precisely, if the
derivative, the logarithmic derivative, the reversion, or another
transformation of a given power series (even with polynomial
coefficients) appears to admit a rational generating function,
we compute the generating function of the original series by
applying the inverse of those transformations to the rational
generating function found.

1. INTRODUCTION

We address the problem of finding the generating
function f(x) of a power series

2
alr) =ay+ayx+ax®+ - +a,x" + -,

of which we know only a limited number of ini-
tial terms. We say that a(x) has precision n if all
coefficients up to =" are known. Clearly, in the
absence of additional information, the knowledge
of a(x) to any finite precision is not sufficient to
determine f(xz) unianely
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Difterentiably Finite Power Series Eric ScrosT

R. P. STANLEY™

A formal power series ¥ f(n)x” is said to be differentiably finite if it satisfies a linear differential |
equation with polynomial coefficients. Such power series arise in a wide variety of problems in
enumerative combinatorics. The basic properties of such series of significance to combinatorics are
surveyed. Some reciprocity theorems are proved which link two such series together. A number of
examples, applications and open problems are discussed.
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DiaSion OF R - VARAIE
DIAGsNAL CowvAZ AT S(ACES

Y R~m_ VARIAALES

dim(F[1]
dim(F[2]
dim(F [3]
dim(F [4]

1

K+1

1+2%k”~2+(17/6)xk+(1/6)*k”™3
1+(103/16)*k”3+(439/45)*k"™2+(329/60)
xk+(19/240 5+(179/144)%k™4+(1/720) %k™6

(dim(F[5])) (k) = (629/70)xk+1+(2563693/60480)*k"3+
(730759/25200)*%k”2+(206293/172800) xk™~6+(2187/256) *
k™"5+(653297/22680)xk™4+(11/241920)%xk™9+(3313/40320) *
k~"7+(341/120960)*xk™8+(1/3628800) k™10

( )) (k)
( )) (k)
( )) (k)
( )) (k) =
E1

(
(
(
(
*
(k
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Y R~m_ VARIAALES

(dim(F
(dim(F[2]1)) (Y
(dim(F[3])) (k)
(dim(F[4])) (k)
3)+51xbinomial(
(dim(F[5])) (k)

e 1a1(k 2)+96*b1nom1a1(k
aial(k, 5)+b1nom1a1(k 6)

IIX
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DipaSion OF R - VARATE

dh‘(F/v\> (k> DIAGONAL CowvAZ ANT S[ACES

W Rxm VARIABLES

dim(Fl)(k)

dim(Fz) (k) =k+2

3

dim(F;)(k)=6+10k+6 (k) " (k)

2 3

dim(F,) (k) =24 + 101 k + 174 (’2‘) + 147 (’;) + 63 (ﬁ) +13 (15‘) (é)

2 3 4 .

+3659 (/6‘) + 1114 (/;) +209 (g) e (g) " (lk())

dim((F5) (k) =120 + 1176 k + 4440 (k) + 8801 (k) + 10367 (k) + 7682 (k)

Fravcoie BERGERON, LACIM



DipaSion OF R - VARATE

dj’l(F/vL> (O> — m| DIAG oAAL  CowvVAT ANT S(A CES

W Rxm VARIABLES

dim(Fl)(k)

dim(Fz) (k) =k+2

3

dim(F;)(k)=6+10k+6 (k) " (k)

2 3

dim(F,) (k) =24 + 101 k + 174 (’2‘) + 147 (’;) + 63 (ﬁ) +13 (15‘) (é)

2 3 4 .

+3659 (/6‘) + 1114 (/;) +209 (g) e (g) " (lk())

dim((F5) (k) =120 + 1176 k + 4440 (k) + 8801 (k) + 10367 (k) + 7682 (k)

Fravcoie BERGERON, LACIM



DipaSion OF R - VARATE

djﬂ (FM> (i> :(M‘HY“—' DIAG oML CowvA AT S(ACES

W Rxm VARIABLES

dim(Fl)(k)

dim(Fz) (k) =k+2

dim(F;)(k)=6+10k+6 (k) " (k)

3

2 3

dim(F,) (k) =24 + 101 k + 174 (’2‘) + 147 (’;) + 63 (ﬁ) +13 (15‘) (é)

dim(FS)(k) =120 + 1176 k + 4440 (12() + 8801 (/;) + 10367 (ﬁ) + 7682 (15()

+3659 (/6‘) + 1114 (/;) +209 (g) e (g) " (lk())

Fravcoie BERGERON, LACIM



DipaSion OF R - VARATE

djﬂ (FM> (2‘> :Zm ("""'\M’Z DIAGONAL CowvAZ ANT S[ACES

W Rxm VARIABLES

Co»;\e CTURR ES
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Co»;\e CTURR ES

dim(Fl)(k)

dim(Fz) (k) =k+2

dim(F;)(k)=6+10k+6 (k) " (k)
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DipaSion OF R - VARATE
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W Rxm VARIABLES

Co»;\e CTURR ES

dim(Fl)(k)

dim(Fz) (k) =k+2

3

2 3

dim(F;)(k)=6+10k+6 (k) " (k)

dim(F,) (k) =24 + 101 k + 174 (’2‘) + 147 (’;) + 63 (ﬁ) +13 (15‘) (é)
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+3659 (/6‘) + 1114 (/;) +209 (g) e (g) " (lk())

Fravcoie BERGERON, LACIM



DipaSion OF R - VARATE

dj’l(F/VL> 63> :('?:V’ ‘;(:‘03 DA G eNAL Cow VA2 AT Q(ACES

W Rrm_ VARIADLES

Co»;\e CTURR ES

alt, (k) =1

alt (k) =k + 1

alty(k) =1 +4k+4 (IZ(J N (/-’:)

sy (8 s (3030 (2o 0(2) o (3

alt (k) =1+ 41 k+ 316 (") + 1038 (k) + 1854 (k) + 1991 (") + 1333 (")

2 3

+ 553 (/7‘) +136 (g) + 18 (g) " (lkO)

E: 5 6
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